We explore the nonlinear optical response of three-dimensional gyroidal metamaterials, which show greater than tenfold enhancements compared to all other metallic nanomaterials as well as bulk gold. A simple analytical model for this metamaterial response shows how the reflectivity spectrum scales with the metal fill fraction and the refractive index of the material that the metallic nanostructure is embedded in. The ultrafast response arising from the interconnected three-dimensional nanostructure can be separated into electronic and lattice contributions with strong spectral dependences on the dielectric filling of the gyroids, which invert the sign of the nonlinear transient reflectivity changes. These metamaterials thus provide a wide variety of tunable nonlinear optical properties, which can be utilized for frequency mixing, optical switching, phase modulators, novel emitters, and enhanced sensing.
I. INTRODUCTION
Optical metamaterials have generated intense interest from the scientific community and captured the imagination by promising a new class of optical media exhibiting extraordinary optical properties [1, 2] . The macroscopic optical behavior of these materials arises from the subwavelength structure of their composite materials. Wide design freedom in the metamaterial subunits allows the realization of artificial materials with unique optical properties, such as negative refraction [3] and optical cloaking [4] . However, only in the last few years have large-scale periodic structures been fabricated at a sufficiently small nanoscale [5] to operate in the visible spectral regime forming optical metamaterials [6, 7] .
In this paper, we move beyond linear properties to the nonlinearities of three-dimensional (3D) optical metamaterials. Their third-order nonlinear optical susceptibility is investigated using pump-probe spectroscopy, widely employed in examining metallic nanostructures with plasmonic resonances [8] [9] [10] [11] [12] [13] . The intrinsic third-order nonlinear optical response of the metal and the effect on the plasmonic modes is, therefore, well understood. Furthermore, it has been shown that optically induced transient changes of the nanostructure optical properties can be enhanced by delocalizing the plasmonic modes which are trapped in subwavelength nanostructures when forming metamaterials [14] .
Here we apply pump-probe techniques to a subwavelength, highly interconnected, 3D optical metamaterial. The nonlinear response is found to be 10-1000 times stronger than previously reported nanostructures [8] [9] [10] [11] [12] [13] [14] [15] [16] , with complicated spectral signatures. This response is tuned by spectrally shifting the modified metamaterial plasma frequency when changing the background refractive index in which the nanostructure is embedded. An analytical model, relating the metamaterial effective dielectric function to the constituent gold, accounts for the main observations. This demonstrates how small optical perturbations in the gold within this composite nanostructure produce large modifications in the emergent optical properties of this highly interconnected metamaterial.
II. FABRICATION
Recent developments in self-assembly techniques [17] have made possible the fabrication of 3D metallic nanostructures, opening routes for the realization of 3D optical nanoplasmonic metamaterials [18, 19] . So far, the only truly scalable such structure is the metallic single-gyroid metamaterial based on a triply periodic nanostructure composed of chiral bicontinuous networks derived from constant mean-curvature surfaces [20] [21] [22] [ Fig. 1(a) ]. We recently demonstrated that their optical properties can be easily tuned through the unit cell size (a ¼ 30-50 nm ≪ λ), fill fraction (f, tuned by strut thickness), and refractive index of the filling (n fill ) [23] .
Our films are fabricated by casting the self-assembled morphology of a block copolymer in the gyroidal phase into Au [20, 23] . Briefly, a polyisoprene-block-polystyreneblock-polyethylene oxide terpolymer assembles into two interpenetrating, chemically distinct gyroid networks (isoprene and ethylene oxide) embedded in a majority phase (styrene). The polyisoprene network is selectively degraded by UV radiation and removed before refilling via Au electrodeposition to provide thick films with a uniform top surface [ Fig. 1(b) ]. Samples are prepared on fluorinedoped-tin-oxide coated glass substrates. Here, two identical gyroid geometries are compared with a ¼ 35 nm and 30% Au fill fraction, differing only in the choice of refractive index for the fill medium. In one set, the polymer template remained (n fill ¼ 1.6), while for the other set it was removed (n fill ¼ 1). A bulk-gold reference film is also electrodeposited under identical conditions. These three samples sit on identical substrates and each has a film thickness of 330 nm (∼10 unit cells), which is sufficiently thick to clearly observe the metamaterial properties of the gyroids and to avoid transmission through the control bulk-gold sample.
III. LINEAR OPTICAL RESPONSE
Such gyroidal metamaterials have a completely different optical response to bulk Au, with a strongly redshifted plasma edge and transmission 8 orders of magnitude larger than would be expected from a bulk film with the same volume of metal (100 nm thick). As first shown by Pendry et al. [24] , the electromagnetically driven electrons in such sub-λ nanostructures induce magnetic fields opposing their motion, which govern the effective macroscopic optical behavior of the structure. It was recently shown [21, 23, 25] that gold gyroid films behave as an artificial chiral plasma, with a Drude-like effective electric permittivity given by (see Appendix A and [25, 26] )
where λ g is the effective plasma frequency of the perfect metal gyroid (dependent only on its geometry) and r g ≃ 0.29a ffiffiffi f p ¼ 5.6 nm is the thinnest radius of the gyroid struts which have a normalized helix length l (for all structural parameters see Appendix A). The dielectric constants for bulk Au are modified (ε m ) by their sculpting into 10 nm struts, which enhances their damping contribution by a factor of 4 (as measured by comparing the fourpoint dc gyroid resistivity of ρ gyr ¼ 52 μΩ cm to bulk films). This arises from the polycrystalline structure of the struts (seen in electron microscopy) so that electrons are forced to flow through grain boundaries and collide with the strut walls [27] . This damped Drude model is combined with the known interband contributions of Au which are strong below 500 nm. The modified Drude model allows the effective gyroid dielectric functions [ Fig 
where in the modified Drude model for bulk Au
. This simple formula encapsulates the tuning dependence on the metal and its fill fraction, gyroid pitch, and dielectric filling. The positions of the wavelength dips are marked by arrows in Figs. 2(a) and 2(b) and match well the experimental data. The simulated reflectivity also provides a reasonable account of the measured spectra [ Fig. 2(b) ], with a good prediction of the dip wavelengths. Discrepancies arise from the approximations used above. The model ignores surface scattering (measured to be approximately 10%), which leads to a decrease in reflectivity. The double dip consistently seen in the measured reflectivity of the n fill ¼ 1.6 samples around 650 nm is not replicated in the simulations, but comes from weak thin-film interference arising in the transmissive gyroid films, not included in our model. A full finite-difference time-domain (FDTD) model is also used to confirm these analytic results (dashed), which also matches both experiment and the approximated analytic model.
IV. NONLINEAR OPTICAL RESPONSE
Our focus here is on the nonlinear optical properties of metallic nanostructures which are best characterized using ultrafast time-resolved techniques that can separate the different components of the response and reveal their dynamics. We use a narrow-band 200-fs λ-tunable pump pulse together with broadband probe pulses, allowing for the simultaneous measurement of pump-induced reflection changes across 490-750 nm. To achieve this, two synchronized Ti:sapphire regenerative amplifiers are both fed with the split output of a passively mode-locked Ti: sapphire oscillator, producing synchronized 800 nm beam lines of 200-fs pulses at a 250-kHz repetition rate. The tunable pump pulses are produced from an optical parametric amplifier in one beam line, while the second beam line is tightly focused into a 1.5-mm-thick sapphire crystal producing a supercontinuum used as the probe pulses [ Fig. 3(a) ]. The pump pulses are modulated at 1.6 kHz and pump-induced changes to the probe reflectivity (ΔR) are measured using a 256-pixel custom-linear photodiode array with an electronic rolling shutter synchronized to the pump-modulation frequency [28] . A Brewster prism spectrally separates the supercontinuum across the array, simultaneously extracting ΔRðλÞ in a single measurement with 1-nm resolution and a sensitivity of ΔR ≃ 10 −4 . A pump wavelength of 600 nm is chosen to minimize direct excitation of interband transitions, while maintaining strong absorption in the gyroids. Average power densities up to 2 W=cm 2 could be used without laser-induced degradation of the intricate nanostructure, hence a pump power of 0.7 mW (3 nJ pulse energy) is focused onto a 250-μm-wide spot on the sample (1.4 W=cm 2 ), with a spectrally integrated probe power of 100 μW (0.4 nJ) confined to the inner 150 μm. To minimize pump scatter in the probe direction, the angles of incidence of pump and probe beams are 30°and 10°, respectively. In the gyroid films, the domain sizes are on the μm scale, so that polarization effects average out over the much larger probed area, and no strong polarization sensitivity is observed.
The pump-induced transient reflectivity of the gyroid films (normalized as ΔR ¼ ΔR=R) is found to be an order of magnitude larger than that of bulk gold and exhibits a rather different spectral dependence [ Fig. 3(b) ]. In spite of the nanostructured architecture, all relaxation times remained unaffected, suggesting that the conventional two-temperature model can be used for interpreting the microscopic Au response [29, 30] . In this scheme, the electronic and lattice temperatures of the metal decouple, allowing them to be separated. Two relaxation mechanisms are considered, the electron-electron scattering rate α and the electron-phonon scattering rate β, which is typically slower by a factor of 4. The response
tracks the electronic response (e) which increases as electron-electron scattering redistributes the energy from photoexcited electrons to the rest of the electron body. These hot electrons subsequently equilibrate with the lattice (l) through electron-phonon scattering. The locally heated lattice equilibrates through heat diffusion on a time scale which is much longer than considered here, producing a thermal offset (t) from residual heating by the previous pulse. This function fits the measured signals [dashed lines in Fig. 3(b) ] when convolved with a pulse width of 200 fs, for α ¼ 2.7 ps −1 and β ¼ 0.75 ps −1 matching values reported for bulk Au [31, 32] . While it might be expected that a modified phonon density of states from the strut confinement can alter β, little change is seen. This is likely due to the dominance of high-energy electrons in the lattice coupling beyond any low-q cutoff from the narrow strut. We now concentrate on the spectral dependence of the dominant initial electronic response, which is a direct result of the increase in electron temperature from the energy deposited by the optical pulse. The most important change to the metal's optical properties from an elevated electron temperature is an increase of the electron damping rate, Γ [33, 34] . In addition to this, there are also modifications to the interband transitions below 500 nm from changes in electron occupation near the Fermi level, which have been successfully modeled [35] using relativistic band-structure calculations [36] . The measured pump-induced reflectivity change of the bulk-gold film is well reproduced by increasing damping in the Drude model for Au by ΔΓ ¼ 3 meV (with additional short wavelength changes due to induced changes in the interband transitions). For wavelengths longer than these interband transitions, the induced reflectivity is always negative. This gives a good account of the typical Au nonlinear response [dashed line in Fig. 4(a) ]. This model would suggest that the nonlinear response should be proportional to pump power, which is indeed observed at all wavelengths.
In plasmonic materials, the resonant plasmon peak is typically transiently broadened by this perturbation. On the other hand, in interconnected metamaterials the response arises from a different coupling to the composite dielectric function. The gyroid transient-reflectivity spectra from the pump-induced electronic changes to the Au struts shows a much more complicated and stronger spectral response [ Fig. 4(b) ]. We find induced changes which can exceed 5%, more than one order of magnitude larger than the best plasmonic materials or bulk Au. Similar results are seen in 600-nm-thick gyroid films, and the reflectivity changes are found to scale linearly with incident pump power. A consistent positive response is seen from the polymer-filled gyroid at wavelengths shorter than its near-infrared effective plasma wavelength. Figure 4(b) shows that the sign of the nonlinear reflectivity is inverted by filling an electronically passive dielectric component into the gyroid network. Such a manipulation of the nonlinear susceptibility is one of the features of metamaterials.
Modeling the full metamaterial nonlinear response is more complex, as both geometric and material responses are coupled. We utilize FDTD simulations [dashed lines in Figs. 4(a) and 4(b) ] that assume the dielectric function of the gold forming the gyroidal structure is modified in the same manner as the bulk-gold sample, successfully predicting the sign of the long-wavelength response. The strong enhancement in magnitude observed in gyroids can be partially attributed to the increased ability of the struts of gold to absorb light compared to bulk Au, due to the enhanced surface fields which propagate along the struts. Further enhancement arises from the greater sensitivity of the gyroid response to the dielectric properties of its metallic components. While some of the observed spectral features have different magnitudes, the key finding of an opposite sign of response when changing the refractive index of the gyroid matrix is matched. Similar results are obtained by using the analytical model, with the inversion of ΔR produced when increasing the Drude damping or the background permittivity, however, the presence of the interband contributions means that no unambiguous fit is robust. An improved theory of such metamaterials is thus required in order to understand the full details of the nonlinear spectral response.
The lattice contributions at long time scales [ Fig. 4(b) , ∘] follow a similar spectral response to the electronic changes, although they are one order of magnitude smaller. This confirms that excitation-induced modification to the distribution of electrons within the metal is filtered by the gyroid geometrical electromagnetic response to give the observed nonlinear enhanced reflection signature. The observed transient spectral changes are little affected by the exact pump wavelength (just as for bulk Au) because the heating of electrons depends only on absorbed energy. The magnitude of the nonlinear response thus follows the gyroid absorption. This is greatly enhanced over bulk-Au absorption because of the way light enters the structure and is enhanced close to the Au struts. Of great interest would be the exploration of pump-induced changes in the gyroid chiral response, which was previously demonstrated in Ref. [20] , however, this requires propagation along specific directions at high angles to the film surface, and large enough single domains for pump-probe spectroscopies, which is not yet feasible. Such measurements would reveal the ability to switch on and off negative refraction at ultrafast speeds. 
V. SUMMARY
In conclusion, 3D gyroid metamaterials with a tunable plasma frequency show dramatically enhanced changes in reflectivity and absorption on injecting short pulses of light. We extract the electronic and lattice contribution to the nonlinear response, and show how these change when tuning the metamaterial through gyroid filling. Both FDTD simulations and a simple analytical model can account for the main features of the complex spectral response. The sign of these nonlinear changes can be explained from shifts in the spectral position at which the metamaterial index matches to air. The remarkable strength of the nonlinearity can be attributed to a genuine metamaterial effect: because of the collective nanoplasmonic metamaterial network, the effective linear permittivity and linear refractive index are dramatically reduced (Fig. 2) and thus the next-highest-order contribution which is the nonlinear response becomes more and more dominant. The fill fraction of the interconnected nanostructures which confine the light is very high, and withstands the parasitic coupling that normally reduces the response when plasmonic structures are densely packed. These tunable third-order nonlinear responses can thus be enhanced and easily tuned inside metamaterials, opening the way to new sensing modalities as well as nonlinear and active devices [37, 38] . 
APPENDIX A: THE EFFECTIVE PERMITTIVITY OF GYROIDAL METAMATERIALS
We first develop an analytic approximate formula for the effective dielectric constant of the gyroid and use this formula to estimate the position of the dip in the reflection spectrum. We have previously derived the electromagnetic properties of the gyroid [21, 25] , where we found that the effective chirality and magnetic (H) permittivity are negligible compared to the electric (E) permittivity. Since chirality is several orders of magnitude smaller than the electric permittivity (i.e., χ EH ¼ χ HE → 0), the derived electric permittivity of the gyroid [25] can be reduced to
Here l is the length of the helical wires forming the gyroid (defined below), b ¼ a= ffiffi ffi 2 p for a unit cell size a, and ω g is the effective plasma frequency for a perfect metal gyroid which depends also on the geometry of the nanostructure (defined below). The final term Iðf; ε ib ; n fill Þ is appended to account for the near-infrared interband transitions using a single Lorentzian (ε ib ), which is scaled by a MaxwellGarnett approximation to account for the metal filling fraction (f) in the gyroid films and the refractive index of the embedding material (n fill ).
Since metals at optical frequencies have relatively high resistivity and are completely penetrated by the incident electromagnetic field, we need to correct the above derivation (which was performed assuming good conductors) to account for the delayed electron flow [26] . Following our work in Ref. [26] , we can model the flow of electrons in optical metallic structures as waves propagating in a waveguide, and therefore we account for the slower electron movement by replacing ω 0 in Eq. (A1) with
where c 0 is the speed of light and κ is a function depending only on the permittivity of the metal forming the optical metallic structure, defined as
where ε fill is the permittivity of the medium surrounding the gyroid metal struts and r g is the radius of the metal struts (defined below). Here, z 4 is a function of the metal's electric permittivity [26] and the medium around the metal (ε fill ), which are the dominant influence on the electron flow in the metal at optical wavelengths. However, for all the cases considered here z 4 ≃ 1 (Fig. 5 ) and can therefore be neglected.
The dielectric permittivity of Au in the gyroids, ε m , is not exactly the same as that of bulk Au, due to the polycrystalline nature of the struts and the way current is forced to travel through grain boundaries. Because the strut radius is FIG. 5 . Spectral function z 4 plotted for (a) n fill ¼ 1 and (b) n fill ¼ 1.6, for Au.
